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It is necessary to develop quantitative methods to assess the formation of thermal burns in the mor-
phological parts of coniferous trees. The purpose of the study is mathematical modeling of heat transfer in 
the layered structure of a coniferous tree branch under the influence of a forest fire front. The heat 
propa-gation in the «branch — needles — flame zone» system is described by a system of non-stationary 
differ-ential equations of heat conduction with the corresponding initial and boundary conditions. As an 
object of research, a digital model of a branch of a coniferous tree for various species, namely, pine, larch 
and fir, was used. Temperature distributions are obtained for different variants of the branch structure 
and condi-tions of the impact of the forest fire front. Conclusions are made about the need for further 
modernization of the mathematical model. The developed model is the basis for creating software tools 
for specialized geographic information systems.
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Forest fires are currently a real dis-
aster for a number of countries in the 
world community, as forest fires have 
turned from a natural regulating factor 
into a catastrophic phenomenon. As a re-
sult of forest fires, the atmosphere is pol-
luted, forest stands die, industrial timber 
stocks are destroyed, chronic diseases are 
exacerbated, and rural settlements are de-

stroyed. One of the important problems 
is the death of individual trees or entire 
forest stands as a result of forest fires 
(Baranovskiy, Kuznetsov, 2017; Baranovs-
kiy, 2020). Currently, research is being 
widely conducted within the framework 
of quantitative ecology, which studies the 
dynamics of individual ecological systems 
and includes mathematical models of indi-
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vidual ecological processes (Shilov, 2003). 
Existing methods for assessing the envi-
ronmental consequences of forest fires are 
based mainly on the assessment of statisti-
cal and factual material (Michaletz, John-
son, 2007; Yakimov, Ponomarev, 2020).

Thermal injury resulting from a for-
est fire can trigger a whole set of complex 
mechanisms for changing the physio logy 
of trees in the post-fire period (Bar et 
al., 2019). The effects of wildfire impact 
on trees can manifest themselves in dif-
ferent ways depending on the charac-
teristics of a particular wildfire (Micha-
letz, Johnson, 2007; O’Brien et al., 2018). 
High-intensity crown forest fires burn 
living and dead biomass in the tree 
crown. Burning of all foliage or needles 
and meri stems can cause immediate tree 
death if the tree is not able to sprout from 
heat-resistant organs (Clarke et al., 2013; 
Pausas, Keeley, 2017). The consequences 
of forest fires for two types of trees dif-
fer: primary and secondary (Michaletz, 
Johnson, 2007). Primary effects are a di-
rect consequence of heat transfer from 
the combustion zone of forest fuels to the 
root system, trunk and crown of a tree 
(Michaletz, Johnson, 2007; Bergman, In-
cropera, 2011). Tree tissue death caused 
by protein denaturation generally occurs 
at 60 °C (Rosenberg et al., 1971). How ever, 
the rate of cell death increases exponen-
tially with temperature. That is, lower 
temperatures can also lead to cell death 
in the case of prolonged exposure to el-

evated temperatures (Hare, 1961; Dickin-
son, Johnson, 2004). Heat transfer from 
the burning zone to the crown of a tree 
can cause immediate necrosis of buds or 
foliage, as well as damage to the cambi-
um and phloem of branches. The degree 
of damage to crown components depends 
on their thermophysical properties and 
the characteristics of the forest fire, as 
well as the height of the lower bounda-
ry of the tree crown (van Wagner, 1973; 
Michaletz, Johnson, 2006, 2007). In large 
canopy components, such as branches, 
there is an internal temperature gradient 
and the process of heat conduction within 
this component becomes important. It is 
important to understand that the conduc-
tion velocity decreases with the radial 
coordinate and therefore the thickness 
and properties of the cortical layer are 
important (Michaletz et al., 2013; Pound-
en et al., 2014). The secondary effects of 
forest fires are more complex and their 
mechanisms are not yet fully understood. 
The response of vegetation functions to 
thermal damage can vary widely (Bar et 
al., 2019). On the one hand, trees after 
a forest fire can demonstrate a violation 
of physiological activity, reduced growth, 
and delayed death (Lambert, Stohlgren, 
1988; van Mantgem, Schwartz, 2003; van 
Mantgem et al., 2011; Thompson et al., 
2017). On the other hand, it is known that 
injured trees can be superior in the short 
to medium term (Pearson et al., 1972; 
Battipaglia et al., 2014; Valor et al., 2018).
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However, it is necessary to develop 
mathematical methods for assessing the 
consequences of the impact of forest fire 
damaging factors on trees and their indi-
vidual parts. In particular, it is important 
to understand the processes of formation 
of thermal damage to the branch of a co-
niferous tree. In this regard, the follow-
ing goal of the study is formulated.

Purpose of the work is to mathemati-
cally model heat transfer in the branches 
of a coniferous tree under the influence 
of elevated temperature from the front of 
a forest fire.

MATERIALS AND METHODS
Object of study: coniferous trees, 

namely pine, larch, fir (Lesoteka, 2020). 
The subject of research is the mathemati-
cal modeling of the heat transfer process 
in the branches of a coniferous tree.

The method of finite differences is 
used to solve a differential equation in 
partial derivatives (Samarsky, Vabish-
chevich, 2003). The coniferous branch 
represents a cylindrical system. The flame 
front of a forest fire acts on the branch. 
The boundary condition of the first kind 
at the boundary of the branch sets the 
temperature value for each moment of 
time. For a cylindrical system, the heat 
conduction equation will have the form:

                                         .

In its final form, equation (1) after 
approximation of partial derivatives is 
presented in the following form:

                                          ,

sTTc r
t r r r

λρ ∂∂ ∂  =  ∂ ∂ ∂ 

1
1 1 1

1 1 1 1 1 12
2 2 2 2

n n
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+
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  −  = − + +     

(1)

(2)

where ρ, c, λ, T — density, heat capacity, 
thermal conductivity and temperature of 
the material; r is the spatial coordinate; 
t is time; n is the layer number in time; 
i is the number of the node in the spatial 

coordinate; τ and h are steps in time and 
space.

Computational experiments were 
carried out taking into account the initial 
data presented in tables 1–4.
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Table 1. Thermophysical properties of the environment (Grishin, 1997) 

Part (Fig. 1, p. 5) Title
Characteristics

ρ, kg/m3 с, J/kg K λ, W/m K

4 Flame zone 0.656 2483 0.1836

Table 2. Thermophysical properties of branches (Grishin, 1997)

Pine

ρ, kg/m3 с, J/kg K λ, W/m K

Core Bark Needles Core Bark Needles Core Bark Needles

500 500 500 1800 1670 1400 0.12 0.12 0.102

Larch

660 660 500 2170 2170 1400 0.13 0.13 0.102

Fir

450 450 500 2700 2700 1400 0.15 0.15 0.102

Table 3. Geometric dimensions of the branch

№ Parameter Core Bark Needles

1 Width (r, м) 0.008 0.011 0.041

2 Width (r, м) 0.008 0.012 0.045
3 Distance (r, м) 0.008 0.013 0.049

Table 4. Temperature range in the flame zone

Branch Pine Larch Fir

Tf , °C 800, 900, 1000 800, 900, 1000 800, 900, 1000

RESULTS AND DISCUSSION

The physical model of the forest fire 
impact on the branch of a coniferous tree 
is formulated taking into account the fol-
lowing assumptions:

1. A one-dimensional setting is con-
sidered.

2. The multilayer structure of the
branch is considered.

3. The monolithic structure of the
branch is considered.

4. Heat transfer in the «branch — nee-
dles — flame zone» system due to conduction.

5. Thermophysical parameters do not
depend on temperature.

6. The evaporation of moisture is
neglected.

7. Pyrolysis of dry organic matter is
neglected.

8. The source of the temperature rise
is modeled by specifying an area of ele-
vated temperature near the branch.
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9. The situation when the source is
stationary is considered.

The branch is a cylindrical system, 
which includes the core of the branch, the 
bark layer and the layer of needles. The 
branch interacts with the flame zone. The 
graphic image is shown in Figure 1. The 
impact of a forest fire is described by the 
boundary conditions of the first kind.

Mathematically, the process of forest 
fire impact is described by a system of 
heat conduction equations:

1 1 1
1 1

T Tñ r
t r r r

λρ ∂ ∂ ∂ ⋅ ⋅ = ⋅ ∂ ∂ ∂  , (3)

2 2 2
2 2

T Tñ r
t r r r

λρ ∂ ∂ ∂ ⋅ ⋅ = ⋅ ∂ ∂ ∂  , (4)

3 3 3
3 3

T Tñ r
t r r r

λρ ∂ ∂∂  ⋅ ⋅ = ⋅ ∂ ∂ ∂  ,  (5)

Figure 1. Geometry of the solution area: 
1 — core, 2 — bark, 3 — needles, 4 — flame zone

4 4 4
4 4

T Tñ r
t r r r

λρ ∂ ∂ ∂ ⋅ ⋅ = ⋅ ∂ ∂ ∂  , (6)
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2 3
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Nr R= , 
3 4

3 4
T T
r r

λ λ∂ ∂
⋅ = ⋅
∂ ∂ ;  3 4T T= ,   (10)

f1r R= , 4 fireT T= , (11)

Initial conditions:

0t = ; 0i iT T= , (12)

where ρi, сi, Ti, λi — density, heat capaci-

ty, temperature, thermal conductivity (i = 

1 — the core of the branch, i = 2 — the 

bark, i = 3 — needles, i = 4 — flame 
zones); Tfire — temperature in the fire 

front; t is time; r is the spatial 
coordinate; R1 — border of the core and 

bark; R is the boundary of the bark and 
the layer of needles; RN is the boundary 

of the outer layer of needles; Rf1 is the 

boundary of the solution area. Index «0» 

is responsible for the parameter at the 

initial time.
The presented system of equations 

with the corresponding initial and bound-

с

с

с

с
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ary conditions is solved using the finite 
difference method. Finite-difference ana-
logues of differential equations are solved 
by the marching method (Samarsky, Va-
bishchevich, 2003). 

The process of thermal impact of 
a forest fire front on a branch of a conif-
erous tree is due to heat transfer due to 
conduction in the layered structure of the 
branch. Heating is carried out at the out-
er boundary of the branch and is mathe-
matically described by the boundary con-
ditions of the first kind, which simulate 

the effect of the flame zone. Further, heat 
is transferred from a more heated area to 
a less heated area.

Based on the results of computa-
tional experiments, graphical depend-
encies were constructed demonstrat-
ing the temperature distribution in the 
«branch — needle — flame zone» system.

Figures 2–4 show the temperature 
distributions in the «branch — nee-
dles — flame zone» system for various 
scenarios of the impact of a forest fire on 
a pine branch.

Figure 2. Temperature distribution at Tfire = 800 °C on a pine branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s
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Figure 3. Temperature distribution at Tfire = 900 °C on a pine branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) 
with a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m 

and a needle length of 0.049 m. Heating time 1 s 

Figure 4. Temperature distribution at Tfire = 1000 °C on a pine branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s
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Figures 5–7 show the temperature distributions in the 
«branch — needles — flame zone» system for various scenarios of 
the impact of a forest fire on a larch branch.

Figure 5. Temperature distribution at Tfire = 800 °C on a larch branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s

Figure 6. Temperature distribution at Tfire = 900 °C on a larch branch according to the relevant 
schemes (table 3, р. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s
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Figures 8–10 show the temperature distributions in the 
«branch — needles — flame zone» system for various scenarios of the 
impact of a forest fire on a fir branch.

Figure 7. Temperature distribution at Tfire = 1000 °C on a larch branch according to the corresponding 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s

Figure 8. Temperature distribution at Tfire = 800 °C on a fir branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s
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Figure 9. Temperature distribution at Tfire = 900 °C on a fir branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s

Figure 10. Temperature distribution at Tfire = 1000 °C on a fir branch according to the relevant 
schemes (table 3, p. 4): a) with a bark thickness of 0.011 m and a needle length of 0.041 m, b) with 
a bark thickness of 0.012 m and a needle length of 0.045 m, c) with a bark thickness of 0.013 m and 

a needle length of 0.049 m. Heating time 1 s
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An analysis of the temperature de-
pendences in Figures 2–4 shows that for 
all geometry schemes of the solution area, 
an increased temperature is observed in 
the upper part of the needles during the 
specified time interval of exposure to 
the forest fire flame. The closer the nee-
dle is to the flame front, the higher the 
temperature at its end. When exposed to 
a low-intensity surface fire at the end of 
a pine needle, temperatures of the order 
of 360 °C are observed for scheme a and 
400 °C, 600 °C for schemes b and c, while 
during a high-intensity surface fire, these 
temperatures are respectively 390 °C, 
460 °C, 660 °C. The crown forest fire leads 
to heating of the needles to temperatures 
of the order of 400 °C, 480 °C, 720 °C. 
The analysis of temperature dependences 
in Figures 5–7 (larch) and Figures 8–10 
(fir) demonstrates similar temperatures 
at the end of the needles for all types of 
forest fires considered. At temperatures 
up to 400 °C, intensive thermal decom-
position of the dry organic material of the 
needles occurs. At a higher temperature, 
ignition of the needles can already be 
observed, which can lead to irreversible 
consequences for a separately considered 
coniferous tree.

It should be noted that the burning of 
all needles and meristem can cause im-
mediate death of the tree if the tree is not 
able to sprout from heat-resistant organs 
(Clarke et al., 2013; Pausas, Keeley, 2017).

Thus, mathematical modeling of the 
thermal impact from the flame of a forest 
fire on a branch of a coniferous tree was 
carried out. Three impact scenarios by 
forest fire type are considered: low inten-
sity surface fire (800 °C), high intensity 
surface fire (900 °C) and crown forest 
fire (1000 °C). Three different schemes 
were also explored, describing the vari-
ous geometric structures of a branch of 
a coniferous tree. It is clear that these are 
approximate data and in a real situation 
the geometry of a branch can differ sig-
nificantly from the type of tree, the grow-
ing season and age of the tree, as well as 
its physiological state. Using only a ther-
mophysical model to study heat transfer 
in a coniferous tree branch showed that 
the temperature distributions for differ-
ent species are quite similar. This means 
that further modernization of this math-
ematical model is necessary. Thus, it is 
necessary to take into account the evap-
oration of moisture and the thermal de-
composition of dry organic matter. In 
addition, subsequent studies should take 
into account data on the physiological ac-
tivity of various species and experimen-
tal data on the death of tree tissues at 
various temperatures. That is, it is neces-
sary to supplement the developed math-
ematical model with criteria for damage 
to branch tissues depending on the tem-
perature in the forest fire front and the 
duration of exposure. Another way to im-
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prove the mathematical model can be to 
take into account convective and radiant 
heat transfer at the outer boundary of the 
branch directly exposed to the damag-
ing factors of a forest fire. In the future, 
such a mathematical model can be used 
as a basis for creating software tools in 
specialized geoinformation systems for 
monitoring the state of forest stands and 
predicting their functioning in the post-
fire period.

CONCLUSION

Thus, as a result of the study, a ba-
sic mathematical model of heat trans-
fer in the layered structure of a conifer-
ous tree branch was developed based on 
non-stationary differential equations of 
heat conduction with appropriate initial 

and boundary conditions. A preliminary 
analysis of the results obtained shows 
that the use of only developments in the 
field of heat transfer does not give a clear 
answer to questions regarding the forma-
tion of thermal lesions in the branches 
of various coniferous species. It is neces-
sary to integrate into the mathematical 
model quantitative and qualitative crite-
ria for the formation of thermal lesions, 
developed on the basis of an analysis of 
physiological processes and experiments 
on the effect of elevated temperature on 
wood tissues.
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